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The kinetic potential of nucleation theory is extended to describe cloud droplet growth processes that can
lead to drizzle formation. In this model drizzle formation is identified as a statistical barrier crossing phenom-
enon that transforms cloud droplets to much larger drizzle size with a rate dependent on turbulent diffusion,
droplet collection efficiency, and properties of the underlying cloud droplet size distribution. Closed-form
expressions for the kinetic potential, critical drop volume, barrier height, and both steady-state and transient
barrier crossing drizzle rates are obtained in terms of measurable cloud properties. In an analogy with the
theory of phase transformation, clouds are classified into two regimes: an activated metastable regime, in which
there is a significant barrier and drizzle initiation resembles nucleation, and an unstable regime where kinetics
dominates analogous to the spinodal regime of phase transformation. Observational evidence, including the
threshold behavior of drizzle formation and the well-known effect that aerosols have on drizzle suppression, is
shown to favor drizzle formation under activated conditions(more similar to nucleation than spinodal decom-
position) and under transient conditions rather than steady state. These new applications of the kinetic potential
theory should lead to more accurate parametrizations of aerosol-cloud interaction and improved algorithms for
weather forecasting and climate prediction.
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I. INTRODUCTION

Drizzle is an important cloud process that plays a crucial
role in regulating the Earth’s energy balance and water cycle
[1]. Drizzle also affects climate through its influence on
cloud lifetime and cloud cover[2]. The formation of drizzle
consists of two steps: cloud formation, and the subsequent
autoconversion process whereby large cloud droplets collect
smaller ones and become embryonic raindrops. The first pro-
cess involves heterogeneous nucleation on aerosol particles
already present in the precloud environment. These particles,
depending on their number concentration and wetting prop-
erties, determine the cloud droplet number concentrationND.
Meteorological conditions including temperature and con-
centration of water vapor also play an important role in de-
termining number concentration through their influence on
the fraction of aerosol particles that activate to become cloud
droplets [3]. Meteorological conditions also determine the
liquid water fractionL=cm3sliquidd/cm3saird, which is the
product ofND and average cloud droplet volume.

The present study is focused on the autoconversion pro-
cess, whereby large droplets form, fall through, and collect
the smaller ones under warm rain conditions for which the
ice phase plays no role[4,5]. Understanding and accurate
parametrization of autoconversion is especially important for
studies of cloud lifetime and of the so-called second aerosol
indirect effect: namely, the observation that higher cloud
droplet number concentrations result in suppression of rain
[6,7].

The drizzle process has long been a puzzle in that the
droplets would seem to take longer to form than the lifetime
of a typical rain cloud. A key property of the new model is
that it provides a barrier mechanism for limiting the number
of very small (embryonic) drizzle drops. This reduces the
subsequent competition for cloud water and thus the time

required for measurable drizzle formation. Drizzle formation
is identified as a statistical barrier crossing phenomenon that
transforms cloud droplets to drizzle size with a rate depen-
dent on turbulent diffusion, droplet collection efficiency, and
properties of the size distribution.

To develop the present drizzle model we adapt methods
traditionally used in homogeneous nucleation theory even
though autoconversion is not usually thought of as a nucle-
ation process. Closed-form expressions for the barrier pro-
file, height, and critical droplet size are derived in Sec. II.
The steady-state rate of barrier crossing is obtained in Sec.
III. The approach used here follows the Becker-Döring-type
multistate kinetics calculations of homogeneous nucleation
rate but the underlying physics is different. In particular the
droplet surface tension, which is crucial to nucleation, plays
no explicit role in drizzle formation. A scaling theory is de-
veloped and a universal, closed-form expression for the
steady-state barrier crossing rate is obtained in terms of two
nondimensional variable groups that characterize properties
of the cloud. Transient effects are analyzed in Sec. IV using
a matrix approach borrowed from time-dependent nucleation
theory and modified here to handle a subsampled lattice of
discrete droplet sizes. We conclude with evidence that in
most cases drizzle formation occurs under activated cloud
conditions(i.e., with a significant barrier to the formation of
large drops present) and under transient conditions rather
than steady state.

II. KINETIC POTENTIAL THEORY OF DRIZZLE
FORMATION

Consider a water droplet containingg molecules interact-
ing and exchanging material with its surrounding vapor. Its
kinetic potential[8] is defined as
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Fsgd = − lnSp
i=1

g−1
bi

gi+1
D = − o

i=1

g−1

lnS bi

gi+1
D , s2.1d

wherebiss−1d is the rate of monomer addition to a drop con-
taining i molecules andgi is the corresponding evaporation
rate. These fluxes are correlated with the equilibrium popu-
lation of drops of sizeg, ngscm−3d, through the detailed bal-
ance condition.

bgng = gg+1ng+1. s2.2d

Combining Eqs. (2.1) and (2.2) gives ng+1/ng=bg/gg+1
=exph−fFsg+1d−Fsgdgj and thus a Boltzmann-type propor-
tionality for the equilibrium population:ng~expf−Fsgdg.
These considerations support the idea that Eq.(2.1) defines a
“potential,” albeit one that is defined solely in terms of ki-
netic coefficients. In nucleation theory,ng is identified with
the constrained equilibrium cluster population[9,10] and the
kinetic potential is equivalent to the reduced thermodynamic
potentialWsgd /kT, whereT is temperature,k is the Boltz-
mann constant, andWsgd is the reversible work required to
assemble a cluster of sizeg from the parent phase. Neverthe-
less, the kinetic potential, defined solely in terms of rate
constants, is more general and can be applied even in the
absence of a well-defined temperature, thermodynamic po-
tential, or equilibrium condition.

To apply the kinetic potential to drizzle formation, the
growth of cloud droplets is modeled as a sum of contribu-
tions from condensation and collection processes

bg = bg
cond+ bg

coll s2.3d

together with an effective evaporation rategg
eff. Collection

refers to the volumetric gain of a specified drop large enough
to have a significant gravitational fall velocity so as to ac-
crete the smaller, slower falling droplets, that typify the main
population of the cloud. Collection is thus an additional
growth mechanism that, following the axiom “the rich get
richer,” becomes available to those relatively few droplets
that through chance fluctuations reach fall velocity size. For
collector drops of radius less than 50mm the volumetric gain
is approximated as[11]

dv
dt

= kv2L, s2.4d

where v is the volume of the collector droplet,k=1.1
31010 cm−3s−1, andL is the cloud liquid water volume frac-
tion. In molecular units

bg
coll =

dg

dt
=

1

v1

dv
dt

= kv1g
2L, s2.5d

where v1 is the volume per molecule in the liquid water
phase.

The condensation rate includes effects due to turbulence
fluctuations that in turn cause fluctuations in the local super-
saturation in the cloud. IfS denotes the saturation ratio
(equal to unity for a drop in equilibrium with its vapor) then
fluctuations in S will cause random sustained periods of
droplet growth or evaporation depending on whetherS ex-

ceeds or is less than unity. This is depicted schematically in
Fig. 1. In addition to turbulence fluctuations there are com-
plicated interactions between droplets in a cloud due, for
example, to the competition for available water vapor. To
include such processes, we introduce an effective evapora-
tion rategg

eff determined frombg
cond so as to yield a specified

cloud droplet distribution through detailed balance. The col-
lection term[Eq. (2.5)] applies to the much fewer number of
large drops and is assumed to have negligible effect on the
background cloud droplet distribution.

As in our initial study[5] we assume an exponential cloud
droplet distribution

ng
0 =

ND

a
exps− g/ad. s2.6d

ND is the number of droplets per unit volume anda
=L / sv1NDd= v̄ /v1, wherev̄ is the mean droplet volume, con-
trols the falloff of the distribution. The superscript refers to
the distribution of the typical-size cloud droplets in the ab-
sence of collection. Substitution into the detailed balance
condition [Eq. (2.2)] gives

ng+1
0

ng
0 =

bg
cond

gg+1
eff = exps− 1/ad. s2.7d

Although it is possible to carry a size dependence inbcond

through the calculations to follow, we will assume for the
present study that this quantity is independent of size:
bcondsgd=bcond. The second equality of Eq.(2.7) gives

geff = bcondexps1/ad s2.8d

showing that for this assumed droplet distributiongeff is also
independent of size. In general the effective evaporation rate
gg

eff is determined frombg
cond and the cloud droplet distribu-

tion by the first equality of Eq.(2.7), andbg
coll is determined

using a model collection kernel such as the Long kernel used
to obtain Eq.(2.5). Thus the turbulent condensation rate re-
mains as the sole adjustable parameter in the model. Equa-
tions (2.5) and (2.8), together with an estimate forbcond,

FIG. 1. Schematic depiction of droplet evaporation and growth
process in a turbulent cloud. Droplet growth(represented by the
downward arrows) occurs at times when the local saturation ratioS
exceeds unity. WhenS is less than unity evaporation of the droplet
occurs. Such fluctuations inS can result in Brownian-like fluctua-
tions in droplet size.
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suffice to define all of the stepwise rate coefficients needed to
complete the present drizzle model.

There is an interesting analogy between the physics un-
derlying geff, chosen here to satisfy detailed balance while
yielding a specified population of droplets, and the early
physics behind the “spontaneous emission probability” used
by Einstein in his derivation of the Planck radiation law[12].
In that derivation the spontaneous emission rate was ob-
tained by the same arguments used here—detailed balance
and a Boltzmann population—long before details of the
quantum theory of radiation, which permits a direct calcula-
tion of this quantity, were understood.

The shape of the kinetic potential barrier can be obtained
as follows: Each increment ofg corresponds to the addition
of one molecule—a very small step size on the scale of cloud
droplets. Accordingly, the derivative of the potential, follow-
ing Eqs.(2.1) and (2.3), is to excellent approximation

dFsgd
dg

< − lnS bg

gg+1
D = − lnSbcond+ bg

coll

geff D . s2.9ad

Defining

bg
coll

bcond =
kv1L

bcondg
2 ; cg2

the quantity in parenthesis becomes

bcond+ bg
coll

geff = s1 + cg2dexps− 1/ad.

Because the termcg2 is always much less than unity, the
logarithm in Eq.(2.9a) can be approximated to obtain

dFsgd
dg

= − lnSbcond+ bg
coll

geff D =
1

a
− lns1 + cg2d <

1

a
− cg2.

s2.9bd

Integration of this last result gives the kinetic potential

Fsgd =
g

a
−

1

3
cg3, s2.10ad

where the constant of integration has been chosen such that
the potential vanishes atg=0.

On substitution for the previously defined parameter
groupingsa and c, Eq. (2.10a) describes a barrier having a
maximum height at the critical droplet size

sg*d2 =
bcondND

kL2 , s2.11ad

which satisfies the flux balance conditionbcond+bg*
coll=geff.

The barrier height is

F* = Fsg*d =
2

3

g*v1

v̄
. s2.12ad

The lead term on the right-hand side of Eq.(2.10a), F0sgd
=g/a, gives the kinetic potential without collection and a
Boltzmann population

ng
0 ~ expf− F0sgdg.

in agreement with Eq.(2.6). Its clear that in the absence of
collection the critical droplet size and barrier height are infi-
nite and drizzle cannot occur.

For applications to atmospheric physics the kinetic poten-
tial is more conveniently described in terms of the bulk pa-
rameters that characterize the cloud. These include the criti-
cal drop volumevc;v1g

* [Eq. (2.11a)]:

vc
2 =

bcondv1
2ND

kL2 s2.11bd

and barrier height

F* =
2

3

vc

v̄
. s2.12bd

The full potential takes the form

Fszd =
F*

2
s3z− z3d, s2.10bd

wherez=g/g* =v /vc is the ratio of drop volume to the criti-
cal drop volume. Figure 2(top) shows the kinetic potential at
several different barrier heights according to Eq.(2.10b). The
bottom panel of Fig. 2 shows a schematic depiction of the
fluxes for condensation, collection, and evaporation. In the
precritical droplet regime the reverse flux(evaporation) ex-
ceeds the sum of the forward fluxes due to condensation and
collection and the barrier can only be surmounted due to
favorable fluctuations in droplet size. This flux dominance is
reversed in the postcritical, or collection, regime(i.e., the

FIG. 2. Top: Kinetic potential barrier profiles from Eq.(2.10b)
for several different barrier heights. Droplet size is given in reduced
units wherevc is the critical droplet volume. Bottom: Schematic
depiction of fluxes for condensation(middle row of arrows), evapo-
ration (lower row of arrows), and collection(upper row of arrows).
The forward and reverse fluxes are balanced at the critical droplet
size. Drizzle formation requires barrier crossing, which can only
occur due to fluctuations in droplet size.
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forward fluxes dominate) with the result that growth is fa-
vored in this regime.

It is instructive to compare Eq.(2.10b) with the reduced
thermodynamic barrier profile of classical nucleation theory
(CNT). ThereFCNTszd=FCNT

* s3z2/3−2zd, wherez=g/gCNT
* is

the ratio of the cluster size to the critical cluster size of the
classical theory[8,13]. Indicative of fundamental differences
in the underlying physics, the scaled kinetic potential for
drizzle has a distinctly different shape(sharper and less
rounded near the maximum) than the barrier of classical
nucleation theory.

The remaining molecular groupingbcondv1
2scm6 s−1d, ap-

pearing in Eq.(2.11b), has an important physical interpreta-
tion: Molecular number diffusion along theg coordinate is
given by the diffusion coefficient[14,13]

Dg =
1

2
nl2 < bcond, s2.13d

wheren is the total jump frequency(forward and backward
jumps included) andl is the jump distance(equal to unity for
single-molecular jumps). The last equality loses the factor of
1/2 due to the fact thatbcond gives the frequency of only the
forward jumps. By analogy we see thatbcondv1

2 is the(turbu-
lent) diffusion coefficient along thevolumecoordinate—with
jump sizev1. On the larger scale of cloud droplet volumes it
is natural to represent processes using a subsampled lattice of
droplet sizes with renormalized transition rates between ad-
jacent sizes defined so that physical quantities such as the
diffusion constant are invariant to the lattice spacing[5]. For,
example, for a lattice spacingvstep, wherev1!vstep!vc and
rescaled coordinated=v /vstep, we obtain step-invariant dif-
fusion along the volume coordinate

Dv = bd
condvstep

2 = bcondv1
2 s2.14ad

provided

bd
cond= bcondsv1

2/vstep
2 d s2.14bd

is used for the(renormalized) turbulent condensation rate.
This subsampled lattice plays an essential role in the tran-
sient drizzle rate calculations of Sec. IV.

A typical range for the unknown model parameterDv,
which depends onbcond (also unknown), can be estimated as
follows: Consider the timet1% it takes to add through
Brownian-like diffusion along the volume coordinate, a suf-
ficient volumeDv<127 mm3, to bring about a 1% change in
a typical cloud drop radius from 10 to 10.1mm. The mean
square displacement due to diffusion along the volume coor-
dinate issv

2=2Dvt after a timet. Equatingsv andDv gives

t1% =
sDvd2

2Dv
. s2.15ad

Equivalently,Dv could be set in a seemingly less arbitrary
way by considering the time it takes for droplets to gain or
lose volumes comparable to the average cloud droplet vol-
ume

tv̄ =
L2

2DvND
2 , s2.15bd

which is a measure of the overall relaxation time of the cloud
droplet distribution. The disadvantages of settingDv using
Eq. (2.15b) are its dependencies on bothL and ND and the
fact that a full turbulence simulation over the considerably
longer time scaletv̄ will be much more difficult to carry out
for comparison with the present Brownian model. Following
McGraw and Liu[5], we estimateDv (or bcond) through the
assignment of a reasonable range of values tot1%:

Dvsmm6 s−1d < 8.943 10−22bcond< 8.053 103/t1%ssd.

s2.16d

We will generally choose values oft1% in the range
0.1–10 s. Longer times would not allow for significant fluc-
tuations in drop size over the lifetime of a typical cloud and
shorter times would imply growth rates faster than are likely
to occur under the typical range of supersaturation found in
clouds. Figure 3(a) shows a Monte Carlo simulation of
Brownian fluctuations in droplet radius fort1%=0.1 s and a
typical cloud particle size in the precollection regime. The
method of simulation has been described previously in the

FIG. 3. Monte Carlo simulation of Brownian fluctuations in the
radius of a specified droplet fort1%=0.1 s, L=0.5 cm3 m−3, Nd

=100. (a) Precollection regime, initial droplet radius=10mm; (b)
collection regime, initial droplet radius=40mm. The deterministic
(fluctuations averaged out) growth curve in the collection regime is
from Eq. (A10a) and (A10b).
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context of nucleation clusters[13] and cloud droplets[5].
Figure 3(b) shows the results of two different simulations
beginning with an initial particle radius of 40mm in the
collection regime. Here fluctuations are evident even in the
presence of net steady growth from drift motion in the down-
ward sloping part of the kinetic potential in the collection
regime. The solid curve is the result of the deterministic
(fluctuations averaged out) calculation of the growth rate de-
scribed in Appendix A.

III. STEADY-STATE BARRIER CROSSING RATE

The present derivation of the steady-state drizzle rate fol-
lows closely the Becker-Döring molecular kinetics approach
of classical nucleation theory[9] with important differences
due to boundary conditions, barrier profile, and scale. It is
again convenient to begin with the molecular-level descrip-
tion, reporting final results in terms of relevant parameters on
the cloud physics scale.

Let fg denote the population of clusters(droplets) of size
g. The net flux for conversion fromg to g+1 is

Jg,g+1 = bgfg − gg+1fg+1 = bgngS fg

ng
−

fg+1

ng+1
D , s3.1d

where the last equality follows Eq.(2.2). The steady-state
currentsJssd is constant along the growth sequence and sum-
mation of Eqs.(3.1) gives

JssS o
g=gmin

gmax
1

bgng
D =

fgmin

ngmin
−

fgmax

ngmax
. s3.2d

In nucleation theory the ratios on the right-hand-side ingmin
and gmax are set to unity and zero, respectively, as “mono-
mer” and Szilard boundary conditions. The summation on
the left is dominated by clusters near the critical size(where
ng assumes its smallest values) with the result that the com-
puted flux is not terribly sensitive to the placement of the
boundaries providedgmin!g* !gmax so as to include a wide
range of terms about the critical size. In the drizzle model we
set gmin in the range of the smallest cloud droplet sizes1
!gmin! v̄ /v1d. In this limit Eq. (2.6) reduces to

ngmin <
ND

a
=

v1ND
2

L
s3.3d

and for the lower boundaryfgmin/ngmin=1. This boundary
condition is assumed to hold even with collection: Small
droplets are, of course, consumed during the collection pro-
cess, just as monomer is consumed during nucleation and
this can prevent the occurrence of a stable steady state[15].
However, similar to nucleation theory, the present drizzle
model is limited to theonsetregime and depletion effects are
beyond its scope. Candidate approaches to future treatments
of the later stages of drizzle formation are briefly discussed
in Sec. V.

A natural placement for the Szilard boundary condition
fgmax/ngmax=0, is to setgmax=Î3g* . This size is sufficiently
beyond g* and at the zero potential crossing[see Eq.
(2.10b)]: Fsgmaxd=0. With these boundary conditions in

place, the right-hand-side of Eq.(3.2) is unity yielding for
the steady-state crossing rate

Jss= S o
g=gmin

gmax
1

bgng
D−1

=
v1ND

2

L
S o

g=gmin

gmax
1

bg expf− FsgdgD−1

.

s3.4d

In the last equality the conditionFsgmind<0 has been used.
The bg appearing in Eq.(3.4) is the total forward growth
rate, which as already noted is dominated by the condensa-
tion rate. This is true even for clusters many times critical
size. Thus we can neglect the collection term in the kinetic
prefactor [it is of course included inFsgd] and make the
excellent approximation

bg < bcond. s3.5d

This and replacement of the discrete sum by an integration
simplifies the final result

Jss=
bcondv1ND

2

L SE
gmin

gmax

expfFsgdgdgD−1

= kLvcNDSE
0

Î3

expfFszdgdzD−1

. s3.6d

To obtain the last equality, substitute for the critical drop
volume using Eq.(2.11b) and use the integration limitszmin
=gmin/g* <0 andzmax=gmax/g

* =Î3.
The integral of Eq.(3.6) is now approximated using the

method of steepest descent[9]. First, expand the potential in
a Taylor series about its maximum

Fszd = F* −
3

2
F*sz− 1d2 + Ohsz− 1d3j. s3.7d

Substitution into Eq.(3.6) retaining through the quadratic
term gives a Gaussian integral that is readily evaluated in
closed form. The result is

SE
−`

`

expfFGszdgdzD−1

<Î3F*

2p
exps− F*d, s3.8d

where the subscripted kinetic potential denotes the Gaussian
approximation. Provided the integrand is sharply peaked
near the critical size, the limits of integration can be replaced
by zmin andzmax, as in Eq.(3.6), with insignificant error. The
final result for the barrier crossing ratescm−3 s−1d is

Jss< kLvcNDÎ3F*

2p
exps− F*d = bcondngmin

Z exps− F*d.

s3.9d

In classical nucleation theory a term similar to

Z =
1

g*Î3F*

2p
s3.10d

is known as the Zeldovich factor[9] and corrects for barrier
recrossing. Not surprisingly, its precise form in nucleation
theory differs from the result obtained here.
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Equation(3.9) provides a convenient analytic expression
that is in excellent agreement with the full Becker-Döring
integration of Eq.(3.6) for the steady-state drizzle rate in the
activated cloud regime(see below). Figure 4 shows rates
predicted from Eq.(3.9) as a function of droplet concentra-
tion for different values ofL and t1%. Associated with each
dashed curve from Eq.(3.9) is a solid curve showing the
corresponding result obtained from numerical integration of
Eq. (3.6) without the Gaussian approximation. Each family
of curves has identical shape on the log-log scale and can be
compressed to a single universal curve in appropriately
scaled units. The relevant dimensionless groups are

« ;
DvND

3

kL4 = Svc

v̄
D2

s3.11ad

with Dv in cgs units, and

v ;
Jss

kL2 s3.11bd

in terms of which Eq.(3.9) takes the universal form

v =
1

Îp
«3/4 expS−

2

3
«1/2D . s3.12d

Figure 5 (top panel) shows the universal curves from Eq.
(3.12) (dashed curve) and from numerical integration of Eq.
(3.6) (solid curve). That the latter is also scalable follows
because the integral depends only on reduced barrier height.
The bottom panel shows the reduced barrier height as a func-
tion of the logarithm of«.

Conditions at the maximum value of the scaled drizzle
rate h«=s3/2d4,F* =3/2j separate the kinetically controlled
and activated drizzle formation regimes. Returning to the top
panel of Fig. 5 it is seen that the discrepancy between Eq.
(3.12) and the exact integration appears as one enters the
kinetic regime. This is due to failure of the Gaussian ap-

proximation used in the derivation of Eq.(3.9) (the integrand
is no longer sharply peaked near the critical size). On the
other hand, the figures show the approximation working very
well in the activated regime. Figure 6 shows a number of
properties predicted by the model fort1%=0.1 s. The solid
contours are curves of constant nucleation rate obtained from
the full integration of Eq.(3.6) so as to accurately describe
conditions in the kinetic regime. Dashed contour lines are
lines of constant radius determined from the average cloud
droplet volumev̄=L /ND. The thick line marks the separation
boundary, at«=s3/2d4, between the kinetic and activated
regimes. Above this boundary(in the kinetic regime) the rate
is seen to depend only on drop number, increasing asND is
increased and, unlike the situation below the boundary, there
is no sharp threshold effect.

The activated and kinetic regimes of clouds(Fig. 6) are
qualitatively analogous to the nucleation and spinodal re-
gimes of phase separation. In the spinodal regime, phase
separation is activationless and kinetics dominates. Strictly
speaking the nucleation barrier vanishes at a true spinodal as
the system passes from a thermodynamically stable state to
an unstable one[16]. Classical nucleation theory has the
weakness that the barrier does not vanish at the spinodal
unless refinements to the theory are made[17]. The KP
drizzle model also gives a nonvanishing barrier along the
separation boundaryF* =3/2, but because the analogy is
only qualitative this is not necessarily a weakness in the

FIG. 4. Steady state barrier transmission ratescm−3 s−1d. Results
are for cloud liquid water contents ofL=0.5 cm3 m−3 (three lower
pairs of curves) andL=1.0 cm3 m−3 (three upper pairs of curves).
In each set of curves for fixedL, the values oft1%, increasing from
left to right, are 0.1, 1.0, and 10 s. The dashed curves are from Eq.
(3.9). The corresponding solid curves give the exact results from
numerical integration of Eq.(3.6).

FIG. 5. (a) Universal curves for the steady-state barrier crossing
rate in dimensionless coordinatess« ,vd defined in terms of cloud
properties by Eq.(3.11a) and (3.11b). Dashed curve is the analytic
result from Eq.(3.12), solid curve is the exact result from numerical
integration of Eq.(3.6). (b) Barrier height vs«.
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theory. In practice, the distinction between 3/2 and zero is
inconsequential as such small values forF* would corre-
spond, in a true thermodynamic system, to a barrier height of
only 3/2kT (Appendix A). Under these conditions fluctua-
tions will dominate with the result that neither barrier height
nor critical droplet volume play significant roles in the ki-
netic regime. Another difference from CNT is that droplet
models of phase separation cannot be used within the spin-
odal region, whereas the KP theory continues to apply both
within and outside of the kinetic regime to yield definite
predictions for drizzle rate(Fig. 6).

At larger values of«, the drizzle rate is controlled mainly
by the barrier height. In this activated regime the cloud can
be thought of as metastable(as opposed to unstable) and the
analogy between drizzle formation and nucleation most ap-
plies. Here increases in droplet concentration result in higher
barriers and sharp, thresholdlikereductionsin drizzle rate.
This behavior, opposite to the trend found in the kinetic re-
gime, is consistent with the well-known effect that aerosols,
which increase cloud droplet concentration, have on drizzle
suppression[7,2]. This behavior is also consistent with the
Kessler-type parametrizations of the autoconversion process
[4,18], which prescribe both a critical radius, as an empirical
constant, and a threshold condition such that there is no au-
toconversion when a characteristic radius is less than the
prescribed critical radius. The kinetic potential theory pro-
vides an analytic expression[Eq. (2.11b)] for predicting the
critical radius in autoconversion parametrizations[19]. These
considerations point to observational evidence as well as to

empirical model support for drizzle formation in the acti-
vated cloud regime.

IV. TRANSIENT DRIZZLE FORMATION

The matrix formulation of Shugart and Reiss, developed
to describe transient effects in nucleation[20], is a powerful
and elegant kinetic approach that can also applied to the
problem of transient drizzle formation. Here we give a more
complete description of the method than was possible in Ref.
[5]. Several modifications to the original formulation includ-
ing scaling and sampling of the size coordinate, and renor-
malization of the corresponding growth/evaporation rates,
are introduced to extend the method from the molecular clus-
ter scale of nucleation to the macroscopic scale of clouds and
drizzle drop formation.

A. Matrix formulation

The effectively continuous population of droplet sizes is
first discretized along the volume coordinate in order that the
rate matrix, whose dimension will equal the number of
sampled droplet sizes or lattice grid pointsd=0,1,2, . . . ,G,
whered=v /vstep in the case of equal spacing, be of manage-
able size. Truncating as before atvmax=Î3vc gives vstep
=Î3vc/G. The cloud droplet distribution is also defined on
the lattice. From Eq.(2.6)

nd
0 =

vstepND
2

L
expf− F0sddg, s4.1d

whereF0 is the kinetic potential in the absence of collection,
as defined in Sec. II, and the shortened notationF0sdd
;F0sdvstepd is used. In the limit of a very fine grid,ND

=od=0
G nd

0. For coarser grids the normalization is improved
using half-integer values ofd:d→d+1/2 in theequations
below. Evolution of the drop populationfd follows the cor-
respondingly subsampled version of Eq.(3.1):

dfd
dt

= Jd−1,d − Jd,d+1 = bvstep
fd−1 − Sbvstep

+ bvstep

nd−1

nd
D fd

+ bvstep

nd

nd+1
fd+1, s4.2ad

where bvstep
;bcondsv1

2/vstep
2 d is the renormalized condensa-

tion rate from Eq.(2.14b). For a constant step size this is also
constant. For the smallest droplets the boundary condition
f0/n0=1 gives

J0,1= bvstep
n0S1 −

f1

n1
D s4.2bd

where the constrained smallest cluster populationn0 is ap-
proximated usingn0<n0

0 from Eq. (4.1).
Equations(4.2a) and (4.2b) are conveniently collected in

matrix-vector form

df

dt
= K · f + a, s4.3d

with fT =ff1, f2, . . . ,fG−1, fGg, wherefT denotes the transpose
of f. The growth sequence is terminated by placing the

FIG. 6. Contours of constant steady state barrier crossing rate,
JSS cm−3 s−1. Solid curves bottom to top:hlog10 JSS=−6,−5,−4,
−3,−2.5,−2,−1.5j. Results are from numerical integration of Eq.
(3.6). Dashed lines, contours of constant mean droplet radius in
micrometers, values bottom to top:hr =5,10,15,20,30mmj. Thick
line, separation boundary between the kinetic and activated cloud
regimesh«=s3/2d4j. Results are fort1%=0.1 s. The close contour
spacing in the activated regime is indicative of threshold behavior.
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Szilard boundary atG+1: fG+1/nG+1=0. The vectora ac-
counts for the small-drop boundary condition[Eq. (4.2b)]. Its
only nonzero element isa1=bvstep

n0<bvstep
n0

0. Elements of
the tridiagonal matrixK follow inspection of Eqs.(4.2a) and
(4.2b):

Kd,d−1 = bvstep
,

Kd,d = − bvstep
− bvstep

snd−1/ndd,

Kd,d+1 = bvstep
snd/nd+1d. s4.4d

To obtain the steady-state droplet population let

f = gSS+ gT s4.5d

wheregSS and gT are the steady state and transient compo-
nents, respectively, off. Substitution into Eq.(4.3) gives

dgT

dt
= a + K ·gSS+ K ·gT. s4.6d

The requirement that the transient solution vanish at long
time impliesa+K ·gSS=0, yielding the steady-state droplet
population through matrix inversion

gSS= − K −1 ·a. s4.7d

As there is no return flux from drops of sized=G+1, due to
the boundary condition, the steady-state drizzle rate is simply
equal to the forward flux

JSS= bvstep
sgSSdG s4.8d

where sgSSdG= fGs`d is the last component ofgWSS, which
equals the last component off at t=`. The rate from Eq.
(4.8) is equivalent to the Becker-Döring result[Eq. (3.2)],
but with summation here over the coarser lattice grid.

The combination of Eqs.(4.6) and (4.7) yields an equa-
tion for the transient solution

dgT

dt
= K ·gT. s4.9d

The standard approach to solving Eq.(4.9) [20,21] involves
first bringingK to Hermitian form. Inspection of Eqs.(4.4)
for the elements ofK reveals that although this matrix is
nonsymmetric, its off-diagonal elements are related through
detailed balance. Rewriting the nucleation currentJd,d+1
gives

Jd,d+1 = Kd+1,dfd − Kd,d+1fd+1,

which, under conditions of constrained equilibriumsJd,d+1

=0d gives the detailed balance condition

Kd+1,d = Kd,d+1snd+1/ndd = Kd,d+1 expfFsdd − Fsd + 1dg,

s4.10d

where the shortened notationFsdd;Fsdvstepd is used. Equa-
tion (4.10) provides the basis for transformingK to Hermit-
ian form. The square of the matrix of transformationD is
diagonal with elements

Dd,d = expfFsdd/kTg. s4.11d

To demonstrate Hermiticity, consider the following matrix
product

H = − D1/2K ·D−1/2, s4.12d

whereD1/2 is the square root ofD and the minus sign is used
to give positive eigenvalues forH. Similar to K , H is tridi-
agonal with real elements. ForHT, the transpose ofH,

HT = − sD1/2 ·K ·D−1/2dT

= − D−1/2 ·K T ·D1/2

= − D−1/2 ·D ·K ·D−1 ·D1/2

= − D1/2 ·K ·D−1/2

= H

showing thatH is Hermitian. The third equality uses the
detailed balance condition in the form

K T = D ·K ·D−1 s4.13d

which follows Eqs.(4.10) and (4.11).
In the frame of the transformed matrixH, Eq. (4.9) be-

comes

dcT

dt
= − HcT, s4.14d

where

cT = D1/2 ·gT. s4.15d

The formal solution to Eq.(4.14) is

cTstd = V exps− DltdV−1cTs0d, s4.16d

whereV diagonalizesH (specifically, the columns ofV are
comprised of the eigenvectors ofH):

V−1H ·V = Dl. s4.17d

Dl is the diagonal matrix having the corresponding eigenval-
ues ofH as elements

sDldii = li .

With these definitions, Eq.(4.16) can be put into more ex-
plicit form. In Dirac notation

ucTstdl = o
i

kV iucTs0dlexps− litduV il s4.18d

showing the dependence of the transient solution on the ei-
genvalues and eigenvectors ofH. The transient droplet dis-
tribution is recovered fromcTstd using Eqs.(4.5) and(4.15):

fWstd = gWSS+ D−1/2ucTstdl. s4.19d

Finally, because there is no contribution to the net flux from
evaporation of drops of sized=G+1, the transient drizzle
rate, defined here as the flux to the Szilard boundary is
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Jstd = bvstep
fGstd

= JSS+ bvstep
D−1/2sG,Gdo

j

kcs0duVjlexps− l jtdsVjdG,

s4.20d

whereD−1/2sG,Gd=ÎnG and sVjdG is the last component of
eigenvectoruVjl.

B. Calculations

To most efficiently implement Eq.(4.20) it is useful to
employ the scaledz coordinate in terms of which the barrier
again depends on only a single parameter« or barrier height
sF* =2Î« /3d. This enables the transient drizzle rates to be
mapped to a one-parameter family of curves characterized by
«.

For the calculations that follow we setvstepsuch the num-
ber of sampled droplets G(equal to the dimensionalityH) is
100: vstep=Î3vc/100. Results are presented in terms of the
transient rate divided by the steady-state rate

Jstd
JSS

=
fGstd
fGs`d

= 1 +

bvstep
D−1/2sG,Gdo

j

kcs0duVjlexps− l jtdsVjdG

JSS
.

s4.21d

Further scaling is accomplished by defining the dimension-
less timet̃=bvstep

t and dividing concentrations by the concen-
tration of smallest dropletsn0<n0

0. In these units, the ele-
mentsK , for example, depend only on«, which determines
the population ratios appearing in Eqs.(4.4) or (4.10). The
same holds for the reduced nucleation rate[left-hand side of
Eq. (4.21)]. Original units are easily restored at the end of a
calculation by multiplying scaled rates bybvstep

n0. For the
initial conditions we set the population of clusters to follow
Eq. (4.1), which is the cloud droplet distribution in the ab-
sence of collection and there is no current. Att=0 collection
is turned on and the population evolves according to Eq.
(4.19), and current according to Eq.(4.21).

Figure 7 shows the reduced transient rateJstd /JSS in re-
duced time units for different values of«. The calculations
are described in Appendix B. Results from the full matrix
calculations of Eq.(4.21) (solid curves in Fig. 7) are com-
pared with those obtained using a simple lognormal param-
etrization provided in B(dashed curves). The parametriza-
tion gives excellent results for higher values of the barrier
height and continues to work reasonably well throughout the
activated regime. Unfortunately it is the important short time
behavior for which the parametrization first has difficulty—
beginning at aboutF* <5 as the barrier height is reduced—
forcing one to return to Eq.(4.21) if very accurate prediction
of the early onset of drizzle formation is desired in this re-
gime. Similar difficulties arise when the lognormal param-
etrization is used to approximate transient rates in nucleation
theory [8].

From the results of Fig. 7 it is seen that the onset of
drizzle formation will typically occur on time scales that are
fractionally much shorter than those required to reach steady
state. Thus, when drizzle occurs, it will likely be initiated
under transient conditions. This is illustrated further in Fig. 8
which shows the conditions required to reach transient
drizzle onset ratesJstd of 10−5 to 10−6 cm−3 s−1, or 1–10
drops per cubic meter of cloud per second. These are esti-
mated rates required for significant drizzle formation assum-

FIG. 7. Transient drizzle rate. Barrier crossing rate divided by
the steady-state rate versus the logarithm of the reduced time. Solid
curves: full matrix-eigenvalue calculation from Eq.(4.21). Dashed
curves: lognormal parametrization of Eqs.(B8) and (B9).

FIG. 8. Contours of constant transient drizzle formation rate,
Jstdcm−3 s−1 for several drizzle waiting timesstd defined as the time
since collection is turned onst=0d. Solid curves: log10Jstd=−6; top
to bottom: t=−600, 1200, 3600, infinity=steady state. Dashed
curves: log10Jstd=−5; top to bottom:t=600, 1200, 3600, infinity
=steady state. Contours calculated using the parametrization Eqs
(B8) and(B9) with Eq. (3.12) for the steady-state drizzle rate. Thick
line, separation boundary between the kinetic and activated cloud
regimesh«=s3/2d4j. Results are fort1%=0.1 s.
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ing a radius of 100mm for the collected droplets[5]. The
figure shows the conditions required to obtain these rates
within time periods of 10, 20 min, and 1 h following the
turning on of collection in the model att=0. The steady-state
contours forJs`d=10−5 and 10−6 cm−3 s−1 from Fig. 6 are
also reproduced(lowest solid and lowest dashed curves in
Fig. 8). It is seen that as the allowed onset time for observ-
able drizzle formation is reduced, the contours shift towards
larger values of«; conditions that also favor a higher steady-
state drizzle rate. In the limit of an infinite onset period, the
transient contours coincide with those for the same rate at
steady state. Figure 9 shows the collection time, defined here
as the time required for a newly formed drizzle droplet to
reach a radius of 50mm, which is the largest size for which
Eq. (2.4) applies[11]. The calculation is described in Appen-
dix A. The collection time added to the drizzle formation
time (Fig. 8) gives the total time required to form the corre-
sponding flux of 50mm drizzle drops.

V. SUMMARY AND DISCUSSION

A description of the onset of drizzle formation has been
developed using kinetic potential theory. Drizzle is described
quantitatively as an activated barrier crossing phenomenon
using methods borrowed from homogeneous nucleation
theory. Two types of calculations were presented:(1) matrix-
eigenvalue calculations of the kinetics of steady-state and
transient drizzle formation and(2) comparisons of these with
results from simple analytic expressions and parametriza-
tions valid in the all-important activated cloud regime. This
ability to yield analytic expressions for the steady-state
drizzle rate, activation barrier height, and critical droplet size

is an especially attractive feature of the kinetic potential
theory. More work remains to be done, especially in the post-
drizzle-initiation regime, but the new methods should lead to
improved parameterizations for aerosol-cloud interactions
and subsequent improvements to weather forecast and cli-
mate models.

Modeling of the later stages of drizzle formation will re-
quire relaxing both of the nucleation boundary conditions
employed in Secs. III and IV. Candidate approaches include
method-of-moments type calculations in which lower-order
moments of the combined cloud and drizzle droplet distribu-
tions are tracked in time; similar to the description of vapor
depletion effects through the integrated treatment of nucle-
ation and growth processes during gas to particle conversion
[15]. Closure of the moment evolution equations can be ob-
tained using quadrature methods developed for aerosol dy-
namics simulation[22]. Another approach, which would
yield a sampled representation of the drizzle droplet spec-
trum, instead of moments, is to simply extend the range of
the matrix calculations of Sec. IV using a sampling grid that
extends beyond the Szilard boundary so as to include much
larger droplet sizes. Both approaches are good candidates for
future extensions of the present threshold model.

Of all of the cloud processes successfully integrated into
the kinetic potential theory of drizzle formation, the role of
turbulence remains the least understood. At its present stage
of development, the model requires that the turbulence pa-
rameterbcond, the underlying cloud droplet distribution, and
the collection rate constantk each be prescribed. Accord-
ingly the present model is incapable of addressing likely cor-
relations betweenbcond and the cloud droplet distribution,
and betweenbcond andk. Once such correlations are under-
stood and incorporated, the model should provide a much
clearer understanding of how cloud turbulence fluctuations
couple with drizzle formation.

The analysis of Sec. III has shown the possibility for two
distinct regimes of drizzle formation: a kinetically-controlled
regime and an activated regime. It is the activated regime of
drizzle formation that is best supported by observations.
These include(1) the negative correlation seen between
cloud droplet concentration and drizzle rate and(2) the gen-
eral observation, built into current state-of-the-art empirical
parametrizations, that drizzle formation is a threshold phe-
nomenon[4,18]. Because cloud droplets form on aerosol par-
ticles, the negative correlation between droplet concentration
and drizzle rate is manifested through the well-known effect
that aerosols have on drizzle suppression[7,2]. The present
calculations are fully consistent with both observations in the
activated regime while predicting very different behavior in
the kinetic regime. This raises an interesting paradox for the
model: how can the existence of a barrier to drizzle actually
serve to promote drizzle formation? While a complete an-
swer requires including effects from cloud droplet depletion
during collection, considerable insight is available from re-
sults already obtained: The barrier regulates the rate at which
cloud droplets can enter the collection regime. Out of the
millions of cloud droplets present in a cubic meter of cloud,
only 1–10sper sd are needed to provide an observable
drizzle rate. The barrier simply serves to limit the rate at
which collection-size droplets can form so that such small

FIG. 9. Collection time. Time required in seconds for a post-
critical drizzle embryo(of volumev=Î3vc, wherevc is the critical
droplet volume) to reach 50mm radius in size. Contours right to
left ht50=500,1000,1500,2000j from Eq. (A11). Results are for
t1%=0.1 s. This added to the drizzle formation(waiting) times from
Fig. 8 gives the total time required to form a corresponding flux of
50 mm radius drops. Thick line, separation boundary between the
kinetic and activate cloud regimesh«=s3/2d4j. Results are for
t1%=0.1 s.

R. McGRAW AND Y. LIU PHYSICAL REVIEW E 70, 031606(2004)

031606-10



frequencies of crossing events can be realized. Droplets that
do manage through chance fluctuations to cross the barrier
will experience rapid growth to fallout size before the effects
of depletion set in. If instead the process was activationless,
so that many drops of collection size could be initiated at the
same time, the subsequent competition for cloud water
would likely prevent any of them from reaching large size.

There is another property of depletion that will tend to
favor drizzle formation in the activated regime: To first order
the collection process depends on the size of the collecting
drop but is independent of the smaller cloud droplet size[Eq.
(2.4)]. Thus we might expect that during depletion, bothND
andL will be reduced at a proportional rate along the direc-
tion of the dashed contour lines of constant averge droplet
volume shown in Fig. 6. A comparison of the slopes of the
solid and dashed contours in Fig. 6 implies a threshold re-
duction in the drizzle rate with proportional depletion ofND
andL. Under these conditions, the depletion of cloud drop-
lets through collection will exert an inhibitory feedback con-
trol that quenches drizzle formation in much the same way
that vapor depletion quenches nucleation, often resulting in
oscillatory rates of nucleation and growth[15]. While the full
dynamics of the later stages of drizzle remain to be incorpo-
rated in the model, the preceding arguments suggest that
depletion will act as a nonlinear feedback mechanism for
keeping cloud conditions within the activated regime and
close to or below the threshold for drizzle formation.

This paper has developed the kinetic potential theory and
extended its range of application beyond its origins in nucle-
ation theory to a system, drizzle formation, for which neither
temperature nor thermodynamic potential are well defined.
These advances will open the door to applications of the
kinetic potential theory to other areas of statistical physics,
applied mathematics, and perhaps economics, where phe-
nomena that can be modeled as sequences of transition rates
or transition probabilities arise.
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APPENDIX A: FLUCTUATIONS AND GROWTH IN THE
COLLECTION REGIME

From Eq.(2.10b),

Fsvd =
F*

2 b3 v
vc

− S v
vc
D3c =

1

3

vc

v̄
b3 v

vc
− S v

vc
D3c sA1d

and

dF

dv
=

1

v̄
b1 −S v

vc
D2c. sA2d

This last result gives the gradient of the kinetic potential
along the droplet volume coordinate. The gradient is propor-
tional to force (but in the opposite direction) and should
therefore be proportional to the velocity along the volume
coordinate in a Brownian fluctuation model:

dv
dt

= hF, sA3d

whereh is mobility. Long’s collection kernel requires that in
the collection limit the growth velocity be given by Eq.(2.4):

dv
dt

= kLv2. sA4d

It is interesting to explore the equivalence of Eqs.(A3) and
(A4) and determine the mobility.

In the collection limitsv@vcd Eq. (A2) is approximated
as

dF

dv
< −

1

v̄
S v

vc
D2

= −
kL

bcondv1
2v2, sA5d

where the last equality follows substitution from Eq.(2.11b)
for vc

2. Together Eqs.(A4) and (A5) give a linear response
relation between the potential gradient and the rate of growth

dv
dt

= − bcondv1
2dF

dv
= − Dv

dF

dv
= kLv2. sA6d

This analysis shows consistency between the collection
growth law, the shape of the kinetic potential in the collec-
tion regime, and the turbulence fluctuations in evaporation
and growth embodied in the diffusion parameterDv.

It is interesting to notice that Eq.(A6) has the form one
would expect by analogy with thermodynamic fluctuation
theory applied to systems which, unlike the drizzle model,
have well defined temperaturesTd and thermodynamic po-
tential sWd. To illustrate, letx denote a general coordinate
and setFsxd=Wsxd /kT. The analogous relation to Eq.(A6)
is

dx

dt
= hF = − h

dWsxd
dx

= − hkT
dFsxd

dx
= − D

dFsxd
dx

.

sA7d

In the first equalityF is force andh is mobility. The fourth
equality is the well-known Einstein relation between diffu-
sion and mobility[23]:

D = kTh. sA8d

The preceding analysis shows that Eq.(A6) is consistent
with the thermodynamic result despite the fact that in its
derivation neither temperature nor thermodynamic potential
have been defined. The preceding argument also demon-
strates the validy of equatingbcondv1

2 with the diffusion co-
efficient Dv. Nevertheless an important difference remains:
in the drizzle model fluctuations occur on the energy scale of
turbulence—notkT.
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The deterministic growth of freshly nucleated particles,
once they cross the Szilard boundary atv=Î3vc, is described
by Eq. (A2)

dv
dt

= − Dv
dF

dv
= − Dv

1

v̄
F1 −S v

vc
D2G = kLv2 −

Dv

v̄
.

sA9d

The last equality follows Eq.(A5). This is a first-order non-
linear differential equation of a fairly standard form whose
solution is

vstd =
vc

tanhsd − kLvctd
. sA10ad

The constant of integration is obtained from the initial con-
dition, and is for particles beginning their growth at the
Szilard boundaryvs0d=Î3vc:

d = tanh−1s1/Î3d < 0.658. sA10bd

The time required for droplets to grow from the Szilard
boundary to 50mm radius[the limit of the collection kernel
of Eq. (2.4)] is, accordingly,

t50 =
d − tanh−1svc/v50d

kLvc
, sA11d

wherev50 is the volume of a 50mm radius drop. This added
to the drizzle formation time gives the total time required to
form a flux of 50mm radius drops.

APPENDIX B: A PARAMETRIZATION FOR THE
TRANSIENT BARRIER CROSSING RATE

As found in nucleation theory, the approach to steady
state is described with good accura in terms of the temporal
moments[8]:

Mk =E
0

`

tkf1 − Jstd/Jssgdt =
1

k + 1
E

0

`

tk+1pstddt ;
mk+1

k + 1
,

sB1d

whereJstd andJss are, respectively, the transient and steady-
state drizzle rates andmk is thekth moment ofpstd:

pstd =
1

Jss

d

dt
Jstd. sB2d

M0=m1 is the lag time for drizzle formation. The second
equality of Eq.(B1) follows an integration by parts.

In the case of the nucleation time lag it has been found
that a log-normal distribution can give a good approximation
to Pstd yielding a parametrization forJstd in terms of lowest-
order moments[8]. A similar result is found for the drizzle
rate provided the barrier heightF* is not too small. From
Eqs.(B2), (4.8), and(4.21) we obtain

Pstd = −
ÎnG

sgSSdG
o

j

kcs0duVjll j exps− l jtdsVjdG sB3d

which on integration overt yields the moments

mk = −
ÎnG

sgSSdG
k ! o

j

kcs0duVjl
1

l j
ksVjdG. sB4d

ApproximatingPstd by the normalized log-normal distribu-
tion

fLnstd = stsÎ2pd−1 expf− sln t − md2/2s2g, sB5d

which has the moments

E
0

`

tkfLnstd = expfkm+ sksd2/2g, sB6d

enables the log-normal parametersm ands2 to be expressed
in terms of moments:

s2 = lnSm2

m1
2D = lnS2M1

M0
D , sB7ad

m= −
1

2
lnSm2

m1
4D = −

1

2
lnS2M1

M0
4 D . sB7bd

In reduced time unitst̃=bvstep
t the transient profile de-

pends only on the non-dimensional parameter« of Sec. III.
This property enables a parameterization of the log-normal
parameters solely in terms of«. Calculations were carried
out for the moments over the range of barrier height from
5–20s56ø«ø900d using the matrix method[Eq. (B4)].
From the moments we obtaineds2 andm from Eqs.(B7) and
the fits

ms«d = 5.80882 − 0.0583523Î« + 0.000451818«

+ 0.296341 lnS2Î«

3
D , sB8ad

s2s«d = 0.968544 + 0.0281779Î« − 0.000219704«

− 0.504727 lnS2Î«

3
D . sB8bd

The transient rate behavior is given by Eq.(B2), with the
log-normal approximation toPstd, as the cumulative distri-
bution

Jst̃d
JSS

< 1 −
1

2
erfcF lnst̃d − m

Î2s2 G , sB9d

where erfc is the complementary error function. Values form
ands2 are obtained for a specified, in-range value of« from
Eqs.(B8). Equation(B9) was used to obtain the normalized
transient rate curves of Fig. 7, which are in very good agree-
ment with the results of the full matrix eigenvalue calcula-
tion.
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